
Genetic association models are robust to common population kinship estimation biases
𝐙𝐙𝐙𝐙𝐙𝐙𝐙𝐙𝐙𝐙𝐙𝐙𝐙𝐙 𝐇𝐇𝐙𝐙𝐙𝐙1, Alejandro Ochoa1,2,∗

1 Department of Biostatistics and Bioinformatics, Duke University, Durham, NC 27705, USA
2 Duke Center for Statistical Genetics and Genomics, Duke University, Durham, NC 27705, USA

* Corresponding author: alejandro.ochoa@duke.edu

Abstract
• Background: commonly kinship estimators can have severe biases.
• Results: kinship matrices of different bias types result in equal association 

statistics and performance in simulations and 1000 Genomes. 
• Intercept and relatedness (PCs in Principal Component Analysis (PCA), 

random effect in Linear Mixed-effects Models (LMM) ) coefficients compensate 
for the kinship bias.

Model
𝑥𝑥𝑖𝑖𝑖𝑖 ∈ {0, 1, 2}: genotype of ind. 𝑗𝑗, biallelic SNP 𝑖𝑖. 
𝑝𝑝𝑖𝑖: ancestral allele frequency. 𝜑𝜑𝑖𝑖𝑖𝑖: kinship coefficient

E 𝒙𝒙𝒊𝒊 = 2𝑝𝑝𝑖𝑖𝟏𝟏, Cov 𝒙𝒙𝒊𝒊 = 4𝑝𝑝𝑖𝑖(1 − 𝑝𝑝𝑖𝑖)𝚽𝚽
where 𝒙𝒙𝑖𝑖 = (𝑥𝑥𝑖𝑖𝑖𝑖) is the length-n column vector of genotypes at locus 𝑖𝑖, 𝚽𝚽 = (𝜑𝜑𝑖𝑖𝑖𝑖) is 
the 𝑛𝑛 × 𝑛𝑛 kinship matrix, and 𝟏𝟏 is a length-n column vector of ones [1].

Kinship estimators
Standard estimator
Ratio-of-means (ROM) [1,2]:
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Association models
LMM [3,4]: 𝒚𝒚 = 𝟏𝟏𝛼𝛼 + 𝒙𝒙𝑖𝑖𝛽𝛽𝑖𝑖 + 𝒔𝒔 + 𝝐𝝐, 𝒔𝒔~Normal(𝟎𝟎, 2𝜎𝜎2𝚽𝚽)
PCA [3,4]: 𝒚𝒚 = 𝟏𝟏𝛼𝛼 + 𝒙𝒙𝑖𝑖𝛽𝛽𝑖𝑖 + 𝑼𝑼𝑑𝑑𝜸𝜸𝑑𝑑 + 𝝐𝝐, 𝚽𝚽 = 𝐔𝐔𝐔𝐔𝐔𝐔T

Empirical analysis using 1000 Genomes

Figure 1: Kinship estimates on 1000 Genomes

Proof of association invariability to common kinship biases
For standard kinship estimator:
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In LMM model, kinship bias compensated by intercept: 

𝒚𝒚 = 𝟏𝟏𝛼𝛼′ + 𝒙𝒙𝑖𝑖𝛽𝛽𝑖𝑖 + 𝒔𝒔′ + 𝝐𝝐, 𝒔𝒔′ = 𝐂𝐂𝒔𝒔~Normal 𝟎𝟎, 2𝜎𝜎′2𝚽𝚽′ ,

𝜎𝜎′2 = 1 − �𝜑𝜑 𝜎𝜎2, 𝒔𝒔′ = 𝒔𝒔 − 1�𝒔𝒔, 𝛼𝛼′ = 𝛼𝛼 + �𝒔𝒔, �𝒔𝒔~Normal(0,𝜎𝜎2 �𝜑𝜑)
Similarly, in PCA model:
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𝒚𝒚 = 𝟏𝟏𝛼𝛼′ + 𝒙𝒙𝑖𝑖𝛽𝛽𝑖𝑖 + 𝑼𝑼′
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𝜸𝜸′𝑑𝑑 = 𝜸𝜸𝑑𝑑 , 𝑼𝑼𝑼𝑑𝑑𝜸𝜸𝑼𝑑𝑑 = 𝑼𝑼𝑑𝑑𝜸𝜸𝑑𝑑 − 𝟏𝟏𝑼𝑼𝑑𝑑𝜸𝜸𝑑𝑑 , 𝛼𝛼′ = 𝛼𝛼 + 𝑼𝑼𝑑𝑑𝜸𝜸𝑑𝑑
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Figure 4: Visualization of PC shift due to kinship biases 
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